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Abstract: In this paper, five conditions that have been proposed by Cobb and Shenoy are 
studied for nine different mappings from the Dempster-Shafer theory to the probability 
theory. After comparing these mappings, one of the considerable results indicates that none 
of the mappings satisfies the condition of invariance with respect to the marginalization 
process. In more details, the main reason for this defect is that the classic projection process 
in DST loses some probabilistic information. For solving this problem, the modified 
pignistic probability and the modified normalized plausibility transformation which are 
invariance under marginalization are proposed. The two modified mappings are utilized in 
two ambiguity measures in Dempster-Shafer theory. Then, similar to the mutual 
information in the probability theory, these measures are used for computing the 
dependency of the variables of a social bliss problem on the person's happiness value. 
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1 Introduction 

The Dempster-Shafer Theory (DST) and the Probability 
Theory (PT) are two theories that have been used for 
modeling uncertain data. In each theory, the 
combination and the marginalization rules are utilized 
for various applications. The main different of these two 
theories is that the Dempster-Shafer theory includes 
probability theory as well as set theory. In other words, 
in the Dempster-Shafer theory, the Basic Probability 
Assignment (BPA) is applied to assign masses to a 
subset of the frame of discernments while in the 
probability theory, the Probability Density Function 
(PDF) assigns values to the singleton members. The 
problems arise when we want to make a decision in 
DST. Therefore, the BPA in DST should be transformed 
to the probability density function in PT. 

Some of these mappings are PrPl,,, PIP, PrBelm, 
PraPl,,, and PrHyb,, that proposed by Sudeno [1], 
CuzzP, as defined by Cuzzolin [2], the pignistic 
probability (BetP,,) as defined by Philippe Smets [3-6], 
and DSmP. as proposed by Smarandache ef al. [7]. 
Besides the issue of decision making, these mappings 
are utilized in the aggregate uncertainty measures for 
computing the amounts of information in DST. 
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Smarandache ef al. used the Probabilistic 
Information Content (PIC) as a measure of uncertainty 
for several probabilistic mappings from the DST to the 
PT. After comparing the mappings, they concluded that 
some mappings have conceptual problems and cannot 
produce acceptable results [7]. Klir et al. proposed AU 
as an aggregate uncertainty measure to compute the 
amounts of ambiguity in DST [8]. AU was defined 
based on another DST to PT mapping is denoted by Pe; 
as it is defined by the optimization process of the 
algorithm 6.1 [9-12]. 

Jousselme et al. used the pignistic probability to 
measure ambiguity (AM) in Dempster-Shafer theory 
[13]. But, AM dose not satisfy the subadditivity 
condition which is one of the necessary properties of an 
aggregate uncertainty measure. The cause of this defect 
which was found by Klir in [14] was the dependency of 
the pignistic probability on the marginalization process. 

Another application of these mappings is 
transforming a Dempster-Shafer network into a 
Bayesian network. In several articles, Cobb and Shenoy 
have compared two mappings, the pignistic probability 
and the normalized plausibility transformation [15-18]. 
They proposed five conditions should be satisfied by a 
DST to PT transformation. These conditions are: 
Invariance with respect to marginalization, Invariance 
with respect to combination, Idempotency, Unique most 
probable state, and Non-Unique most probable state. 
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The aim of this paper is to study the conditions 
mentioned by Cobb and Shenoy for nine mappings 
namely, PrPl», PIP», PrBelm, PraPlm, PrHyby, 
CuzzP,, BetP,, DSmP., and P.. Furthermore, some 
considerable results are obtained. Another important 
matter which was addressed here is the invariance with 
respect to marginalization property of two mappings, 
the pignistic probability and the normalized plausibility 
transformation. The key of the /nvariance with respect 
to marginalization problem of BetP,, and PIP,, is in the 
projection and marginalization processes in DST. It can 
be shown that in the projection procedure, some 
probabilistic information is lost. If this data can be 
retained, the problem will be overcome. Based on this, a 
new set is presented which can store the probabilistic 
information lost in the projection process, and 
subsequently, the marginalization formula is slightly 
changed. Then, the modified pignistic probability and 
the modified normalized plausibility transformation are 
proposed that are invariant under the marginalization 
process. 

The outline of this paper is as followings: In Section 
2, we describe some necessary theoretical concepts. In 
Section 3, the nine mappings from DST to PT are 
represented and the Cobb and Shenoy’s requirements 
are investigated for these mappings. In Section 4, the 
invariance with respect to the marginalization property 
is descripted and the modified pignistic probability and 
the modified normalized plausibility transformation are 
proposed that are invariant under the marginalization 
process. In Section 5, these modified mapping are 
utilized in two new ambiguity measures and are used to 
compute the dependency of the variables of a social 
bliss problem to the person's happiness value. Finally, in 
Section 6, some concluding remarks are made. 


2 Theoretical Background 

In the probability theory, a PDF p:2, > [0,1] 
assigns values to Qy = {X1, Xz, «..,Xn} (the state space of 
variable X), where p(x;) = 0, and )}j-4.n D(x) = 1. 

Definition 1. If Qy and Qy are the state spaces of 
variables X and Y, then the joint state space is denoted 
by Ayy =AyXAy and pyy:Nyy > [0,1] is the 
corresponding joint PDF. 

Marginalization in the probability theory involves 
addition over the state space of the variables being 
eliminated. Suppose pxy is a joint PDF for Qyy, the 
marginal PDF for Qy is px(x) = My pyy(%,y). 
Combination in PT with Bayes’ rule involves “point 
wise” multiplication of probability density functions. 
Suppose py is a PDF for Qy and py is a PDF for Qy. 
Then, pyy is a PDF for Qyy and defined as follows: 
Pxy(Z) = (Px@py)(Z) = K~*px (&) py) for each 
Z€ Qyy, where K is the normalization constant. 

Dempster-Shafer theory is an imprecise probability 
theory in which a basic probability assignment (BPA) 
assigns values to the subsets of the state space [19, 20]. 


The function m:2°x > [0,1] is a BPA on the power set 
of Ay = {x1,X2,...,X_}, where m(@) = 0, m(A) = 0, 
and Yi4ce20x m(A) = 1. Any element in 2°% with a non- 
zero BPA is called a focal element. Two other functions 
defined in DST are the belief function (Bel(A) = 
Ypeam(B)) and the plausibility function (PI(A) = 
Lanse M(B)). 

Topics such as joint state space, projection, and 
marginalization in DST are defined as follows: 


Definition 2. If 2°X and 2°Y are the state spaces of 
variables X and Y with cardinalities 2!2x! and 2!°¥!, then 
the joint state space is denoted by 2°XY and defined by 
yy = Ay X Ay. Its cardinality is 2!@xvl, 

Example 1. If Qy = {x,,x2} and Oy = {y1, V2, y3} 
are the state spaces of X and Y, then the joint state space 
in DST will be 
2° (Nee = Dy x Oy = 
£01, V1), (%1, V2), 1,3), (%2, V1), (X2, V2), (X25 V3) }), 
and have 2!@xyl = 2° = 64 members. To put it simply, 
we introduce the following notation: Nyy = Ay X Ny = 
{Z11,Z12, 243, 221, Z22, Z23}- 

If Qy and Qy are the state spaces of two variables 
and Qyy =Qy X Ny is the corresponding joint state 
space, then the projection of any subset A © Nyy on Ny 
is denoted by A‘. This projection is shown in Fig. 1. 

Definition 3. If myy: 2°X¥ > [0,1] is a joint BPA on 
Nyy, then the marginal of myy on Qy is denoted by 
myy*, and given by: 
my(B) = my*(B) = Daceyy Alny=B Myy (A) VE My (1) 

We will show that the number of marginal 
singletons in the joint state space is a major factor in the 
current study, as emphasized by the following 
definitions. 

Definition 4. If myy:2°X¥ > [0,1] is a joint BPA on 
Qyy, then the marginal singletons of subset A € 2°xY 
will be the all members of Qy and Qy that exist in A. 


Definition 5. If myy: 2°X¥ > [0,1] is a joint BPA on 
Nyy, and if x; € Ay is a marginal singleton of A € 2°X¥, 
then the number of marginal singletons x; is denoted by 
# (x; € A). 

To illustrate the point, the marginal singletons 
number has been calculated for the subset A= 
{Z12,Z13,Z23}, which is a member of the joint state 
space in Example 1. The marginal singletons are x1, X2, 


Y2, and y3. 


Fig. 1 Projection of subset A © Qyy on Dy. 
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There are two x,, one x2, one yz, and two yz in 
subset A and we can write # (x, € A) = 2, # (% EA) = 
1, #02€A)=1, and #(y3€A) =2. Note that the 
number of marginal singletons of any member of a joint 
state space in PT is 1 (for instance, (x1, y,) € Qxy has 
one x, and one y,). However, the marginal singletons 
number of any subset of the joint state space in DST is 
not necessarily one. 

Definition 6. Let my: 2° > [0,1] and my:2°Y > 
[0,1] be two equally reliable and independence BPAs, 
the combination is calculated by Dempster’s rule of 
combination in the following manner [21]: 


Myy(Z) = (My@my)(Z) = siege ain (2) 
VX CM& YEN, 


where, K = Yixny=gmx(X).my(Y) represents the 
conflict. 


3 DST to PT Transformations and _ Their 
Requirements 

Several mappings have been proposed to extract 
probability distributions from a BPA. The mappings that 
are studied in the current paper, are defined as follows: 

Definition 7. If m:2°X > [0,1] is a BPA on Qy, 
then BetP,, denotes the corresponding probability 
function obtained using the pignistic probability, which 
is defined for each singleton x € Oy as follows [3, 22]: 


BetP (C23) = Lacnx OY / 4 @) 


Definition 8. If m:22X > [0,1] is a BPA on Qy and 
P., denotes the probability function used in the AU 
proposed by Klir, then, P,, is obtained by the 
optimization process of the algorithm 6.1 [8]. 

Definition 9. If m: 2°* > [0,1] isa BPA on Qy and 
PIP,, denotes the corresponding probability function 
obtained using the normalized plausibility 
transformation, then PIP,,is defined for each singleton 
x € Oy as follows [1]: 


PLP m ({x}) = 5 Daca m(A) = 5 PLEX} (4) 
xEA 

where A is the normalization factor in which: 

Yxeny PlPn ({x}) =1 (5) 


Definition 10. If m:2°X > [0,1] is a BPA on Qy, 
then PrPl,, and PrBel,, are mathematically defined as 
follows for each singleton x € Qy [1]: 


PrPln({x}) = PUD). Laces api mA) 6) 
xEA 


PrBelm({x}) = Bel(x})- Ler pay mA) 
xEA 


where the denominators involved in the formulas are 
given by the compound to sum of singletons CS[.] 
operator defined in [23]: 


CS[PU(A)] © Dqjennx PLAID) (8) 
|Ajl=1 
Uj; Aj=A 
CS[Bel(A)] * Yia,e22x Bel(Ai) (9) 
|Aj|=1 
Uj; Aj=A 
Definition 11. If m: 22x > [0,1] is a BPA on Qy, 
The mapping proportional to all plausibilities is defined 
as follows [1]: 


PraPl»({x}) = Bel» ({x}) + €. Pl,Cx}) (10) 


and 

1-Y penx Bel(B) (11) 
Zea tx PLB) 

Definition 12. If m: 22x —> [0,1] is a BPA on Qy, 

The hybrid pignistic probability is defined as follows 

[1]: 


et 


PrHyb»({x}) = ; 

CS[PraPlm(A)] # Yiaje22x PraPl (Aj) (13) 
|Aj|=1 
Uj; Aj=A 


Definition 13. If m: 22x —> [0,1] is a BPA on Qy, 
CuzzP,, is defined on any x; € Qy = {x1, Xo, ...,Xn} as 
follows [2]: 

= ; A(xi) 
CuzzP,»(x;) = m(x;) + Taw 
where A(x;) = Pl(x;) — m(x;) and TNSM is Total Non 
Specific Mass, and compute by: 
n 


TNSM =1- >: m(x;) = >: m(A) (15) 
j=1 AE22X |A|>1 
Definition 14. If m: 22x — [0,1] is a BPA on Qy, 
the generalized pignistic probability denoted DSmP, is 
defined by Smarandache et al. as follows [7]: 


dzcans m(Z) + €.|ANB| 
Z\|=1 


zoe m(Z) +e. |B 
|Z|=1 


x TNSM (14) 


DSmP-(A) = 
Be2ex 


m(B) (16) 


and € is a tuning parameter. 

Five necessary requirements of a probability 
transformation have been investigated for PrPl,, and 
BetP,, by Cobb and Shennoy [15]. These properties are: 
Invariance with respect to marginalization, Invariance 
with respect to combination, Idempotency, Unique most 
probable state, and Non-Unique most probable state. 
Now, we study these conditions for all above mappings 
with some examples. 

Definition 15 (P. 1). If myy:2°x¥ > [0,1] is an 
arbitrary joint BPA on Qyy, my is the marginal BPA on 
Qy, and Tm,y, and T,,, are the probabilistic 
transformations of myy and my respectively, then T,, is 
invariant with respect to marginalization if and only if: 


Tiny = Coy (17) 
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This means that marginal probability distribution 
obtained from the joint probability transformation is 
equal to the probability distribution obtained from the 
marginal BPAs. This concept is shown in Fig. 2. Now 
we want to know which mapping satisfies this property. 
For this purpose the Klir’s example has been presented 
for the pignistic probability in [14], is used. 

Example 2 [14]. Let m:2°xY > [0,1] be the joint 
BPA for Qy = {x1, x2} and My = {¥1,¥2} (Axy = Ay x 
Dy = (pI), V2), 2, V1), 2 Y2)3 = (Ziv Zr2, 
Z21, Z22}). Which mapping is invariant with respect to 
the marginalization process? 
{ M({Z11,212,Z21}) =a (18) 

m({Zo2})=1-a 0<a<1. 

The results are listed in the fifth column of the Table 
1. In the first column of the table, the probability 
transformations are listed. The joint probability 
transformations are listed in the second column, and the 
probability distributions obtained from the marginal 
BPA’s are listed in the columns 3 and 4. The results 
illustrate that none of the mappings satisfy this 
condition. 


Table 1 Invariance with respect to marginalization of the mappings. 


Marginalization 
in DST 


My on Ny 


Myy On Qyy 


Marginalization 
in PT 
Fig. 2 Invariance with respect to the marginalization of a 

mapping. 


Definition 16 (P. 2). Suppose m1, Mg, ..., Mp: 2°X > 
[0,1] be K independent BPAs on J x, and 
Tiny» Tm +» Tmg be the corresponding probability 
functions. If m =m,@®m,@ ...@®m, is the joint BPA, 
then, 


(19) 


It means that the probability transformation of a 
BPA obtained from the combination of K independent 


Tom,@m@...®m x) = Tm, OT in, © oe OT nx 


Log Tin xy Tiny Tiny P.1 
Poa Ke oe] a iF ifa <1/2 ie 1-a]l; ifa<1/2 No 
a/3 1-a aos [1/2 1/2]; ifa>1/2 
fe ; tfa=1/2 
BetP, ke a] a/2 [a/2 1-a/2] No 
a/3 1-a 1—a/2 
PIP,, a 7 a a 1 | No 
1+2a 1+2a 1+a 1l+a l1t+a 
a 1-a 1 
1+2a 1+ 2a lia 
PrPlin Be | a? az 1-a? = No 
a/3 1—a 1l+a 1l+a 1l+a 
1-a*+a 
1+a 
PrBelm poe NaN | fo 1] No 
NaN _ 1-—a 1 
PraPlm a? a? a? az 1-a? ua No 
1+2a 1+2a 1lt+a 1lt+a 1lt+a 
a? 1+2a—-3a? 1-a*+a 
1+ 2a 1+ 2a 1+a 
PrHybm ie a a3 a3 | No 
a/3 1-a 1+a 1+a 1+a 
1-a?+a 
1+a 
CuzzP,, ee “| a/2 [a/2 1-a/2] No 
a/3 1-a 1—a/2 
DSmP- Be | €a | €a 1-—a+2e—- “) No 
a/3 1—a 1—a+t 2e 1-a+2e 1-a+2e 
1-—a+2e-eEa 
1—a+t2e 
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Dempster’s rule combination in DST 


T(m,@m2@...©mx) 
= Tm, ®Tm,® ae OT nx 


Baves’ rule combination in PT 
Fig. 3 Independency from Dempster’s rule of combination of 


a mapping. 


Table 2 Independency from Dempster’s rule of combination 
of the mappings. 


M12 
=m,Om 
0.50.50] |[0.5 0.5 0] No 
0.50.50] |[0.5 0.5 0] No 
0.50.50] |[0.50.50] | Yes 
PrPlm |[0.5 0.25 0.25] 0.50.50] |[0.5 0.5 0] No 
PrBelm |[1 0 0] 0.50.50] |[0.5 0.5 0] N 
PraPly, |[0.66 0.167 0.167]}[0.5 0.5 0] |[0.5 0.5 0] N 
PrHyb,,, |[0.66 0.167 0.167]}[0.5 0.5 0] |[0.5 0.5 0] N 
CuzzP,, |[0.5 0.25 0.25] 0.50.50] }|[0.5 0.5 0] N 
DSmP,_ |[0.5 0.25 0.25] 0.50.50] |[0.5 0.5 0] N 


Tm My, M2 P.2 


Pg, |[0.5 0.25 0.25] 
BetP,, |[0.5 0.25 0.25] 
PIP,, _ |[0.33 0.33 0.33] 


Table 3 Idempotency property of the mappings. 


Tn x4 Xo X3 P. 3 

Pet 0.5 0.25 0.25 No 
BetPy 0.5 0.25 0.25 No 

PIPn, 1/3 1/3 1/3 Yes 
PrPlin 0.5 0.25 0.25 No 
PrBel 0.5 NaN NaN No 
PraPlin 4/6 1/6 1/6 No 
PrHybm 0.5 0.25 0.25 No 
CuzzPn, 0.5 0.25 0.25 No 
DSmP- 0.5 0.25 0.25 No 


BPAs with the Dempster’s rule of combination is equal 
to the combination of K probability transformations of K 
BPAs with Bayes’ rule in PT. This concept is shown in 
Fig. 3. Similar to Example 2, this condition is 
investigated for the above mappings by another 
example. 


Example 3. Suppose m,&m,:2° — [0,1] are two 
BPAs on Qy = {x1,X2,X3} , m,({x,}) =0.5, 
m,({x2,x%3}) = 0.5 and m,({x,,x.}) =1. Then the 
combination of this BPAs is: m,2({x,}) = 0.5, and 
M2 ({x2}) = 0.5. The independency from combination 
property is shown in the Table 2. The results show that 
just the normalized plausibility transformation satisfies 
this condition. The proof of this claim follows directly 
from the proof of the Proposition 2 in [23]. 


Definition 17 (P. 3). Suppose m: 2°X — [0,1] be the 
BPA on Qy, and T,, be the corresponding probability 
function. If m is idempotent with respect to the 
Dempster’s rule, i.e, = m@®m , then T,,, is idempotent 
with respect to the Bayes’ rule, i.¢., Ti, = Tm @Tn. 

This is a corollary of P. 2. In Example 4, the 
idempotency property of the above mappings is 
illustrated. 


Example 4. Let m:2°x > [0,1] be a BPA on 
Dy = {X1,X2,X3} and m({x,}) = 0.5 and m({x2,x3}) = 
0.5 .Check the idempotency property for the above 
probability transformations. The result is shown in 
Table 3. It is understood that just the normalized 
plausibility transformation satisfies this condition. 


Definition 18 (P. 4). Suppose m: 22x > [0,1] be the 
BPA on 2x, m™ =m,@m2@...@m, be the n times 
combination of m, and lim,.,.m" (x) =1. Let T,, 
denotes the probability transformation corresponding to 
the m, (Tm)” = Tm,@Tm,® ».@Tm,be the n times 
combination of Ti, and Ty,” denotes limy..o(Tm)”. 
Then, Ty, °(x) = 1, and T,,°(y) = 0 for all y € Oy\{x}. 

It means that if a unique most probable state x exists 
in the BPA m, then the corresponding probability 
function should have x as its most probable state. From 
Example 5, it can be found that this property is satisfied 
just by the normalized plausibility transformation. 

Example 5. If m:2°x > [0,1] be a BPA on 
2x = {X1,%2,%3,X4, Xs}, m({x1}) = 0.45, m({x2}) = 
0.15, m({x3}) = 0.05, and m({x2,%3,%4,%5}) = 0.35. 
Then we have, m”({x,}) = 1. After the computation of 
the mappings, we have: PlPm®”({x>}) = 1, 
PrBel®({x,}) = 1, PrHyb®({x,}) = 1, P6.1°({x,}) = 
1, BetPm”({x,}) = 1, PrPl™({x,}) = 1, 
PraPl” ({x,}) = 1, CuuzP”({x,}) = 1, 
DSmP*”({x,}) =1. So the normalized plausibility 
transformation has maximum unique state. 

Definition 19 (P. 5). Suppose m: 22x => [0,1] is the 
BPA on Qy such that lim,_,..m” (x) = lim, m" (y) 
for all x, yE€ AS Ny and lim,.,..m”" (z) = 0 for all 
ZENy\A. Let T,, denotes the probability 
transformation of m, and Ty,” denotes limpco(Tm)”: 


Then Ty,” (x) = Tm” (y) = a for all x,y €A, and 


Tm (z) = 0 for all z € Qy\A. 

Example 6. If m:2°* > [0,1] is a BPA on Qy = 

{X1,%2)%3,X4,X5}, m({x,}) = 0.4, m({x2}) = 0.15, 
m({x3}) = 0.15, and m({x2,%3,xX4,xXs}) = 0.3. Then 
we have, m”({x2}) =m®”({x3}) =0.5. The non- 
unique states are computed as _ follows: 
PILPm® ({x2}) = Pl_Pm® ({x3}) = 0.5, 
PrBel™ ({x,}) = 1, PrHyb® ({x,}) = 1, 
P6.1°({x,}) = 1, BetPm® ({x,}) = 1, 
PrPl® ({x,}) = 1, PraPl®({x,}) = 1, 
CuuzP®({x,}) =1 and DSmP®({x,}) =1. So only 
the normalized plausibility transformation satisfies this 
condition. 
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Table 4 Survey of the mappings and their properties. 


Tin Pod NM P25 | Rad | Po | Ped. 
Poa NO NO NO NO NO 
BetPy NO NO NO NO NO 
PIP», YES | YES | YES | YES| NO 
PrPlin NO NO NO NO NO 
PrBel, | NO NO NO NO NO 
PraPlm | NO NO NO NO NO 
PrHyb,,| NO NO NO NO NO 
CuzzPy NO NO NO NO NO 
DSmP, | NO NO NO NO NO 


The results are summarized in Table 4. As a 
consequence two important results are extracted from 
the Table 4. 

1. The independency from the Dempster’s rule of 
combination of a probability transformation will 
also involve the last three conditions. So two 
main requirements for a conversion from the DST 
to the PT are invariance with respect to the 
marginalization and invariance with respect to 
the Dempster’s rule of combination. 

2. According to the Table 4, it can be seen that only 
the normalized plausibility transformation 
satisfies four of the five conditions. In other 
words, if we want to choose the most justifiable 
mapping through the mentioned transformations, 
the normalized plausibility transformation is the 
best choice. Also the invariance with respect to 
marginalization problem of this mapping will be 
remained. This issue will be proven in the next 
sections. 


4 Solving the Problem of the Invariance with 
Respect to the Marginalization Process 

Invariance with respect to the marginalization 
process means that the marginal probability distribution 
of the joint probability transformation is equal to the 
probability distribution of the marginal BPAs. In this 
subsection, we will examine the reasons for the 
dependency of the pignistic probability and _ the 
normalized plausibility transformation on __ the 
marginalization process. To this end, we need to focus 
on the projection method in DST. The classic projection 
process in DST loses some probabilistic information, as 
shown in Example 7. 


Example 7. If m,,m2,m3,m4:2°XY > [0,1] are 
four different joint BPAs with Qy = {x,,x,} and 
Dy = {Yu Vor 3}. 


i (Z41, Z12, 213, Z21,Z22,Z23) = a 
m,(Z23) =1-—a 
es (Zy1,Z21 213,223) =a 
M(Z23) =1-—a 
ie (Z12,Z22) =a airy Z12) 243,223) =a 
m3(Z23) =1-a’ m4(Z23) =1—a 

Then, there are different BPAs with different focal 

elements and we have, 
(Za, Z12) Z3, Zo. Z22, Zz3}'0x 
= {Z41,Z21,Z13,2Z23}'°* = (Zy2,Z22}'* (21) 
= {Zy1,Z12,Z13,2Z23}°X = (24, %2} 

Therefore, the projections of different subsets with 
different numbers of marginal singletons (three x, and 
three x2 for the first subset, two x, and two xz for the 
second subset, one x, and one x, for the third subset, 
and three x, and one x, for the fourth subset) are equal. 
The four marginal BPAs on Qy are thus equal and can 
be given by: 
my ({2}) = myy* ((2}) = 

Myy (A) =1-a 
ACO xy ALO x={x7} 


, 


(20) 


(22) 


my (1X2) = myl* (ep x2) 


= Myy (A) =a (23) 
AGA xy ALN x={x1,x2} 

In this example, there are four joint BPAs with 
different BetP,,,s, although their marginal pignistic 
probabilities computed from the marginal BPAs are 
equal. Additionally, there are four joint BPAs with 
different PIP,,s, although their marginal normalized 
plausibility transformations computed from the 
marginal BPAs are equal. 

In other words, in the standard projection process, 
the number of marginal singletons (x, and x,) that 
exists in the joint state space is not taken into account. 
This point explains why BetP,, and PIP, are not 
invariant under the marginalization process. To solve 
this problem, we need to consider the number of 
marginal singletons in the projection process. Therefore, 
we try to retain this information by defining the 
Projection Set and rewriting the marginalization formula 
as follows: 


Definition 20. If myy: 2°xX¥ > [0,1] is the joint BPA 
on Qyy, then the Projection Set of Qyy on BE Ny , is 
shown by PrSt,g, which is the set of all joint state space 
members such that A'?x = B and is given by: 

PrStyp => {A|A Cc OQyy, A L Dy = B} (24) 

Definition 21. If myy:2°*Y > [0,1] is the joint 
BPA defined on Oxy, then the marginal of myy over Ny 
based on PrSt is denoted by my, and is computed as 
follows: 

Moxy *(B) = mxy(C) VBEMy 95) 
CEPrStip 
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It should be noted that the results of the new 
marginalization procedure are almost identical with the 
classical method of the marginalization in Dempster- 
Shafer theory, only the formula has been little changed. 
Based on these changes, the pignistic probability and 
the normalized plausibility transformation could be 
modified as follows: 

Definition 22. If myy:2°XY > [0,1] is a joint BPA 
defined over yy, then the modified pignistic 
probability is defined for each singleton Z; € Nyy and 
x; € Oy as follows: 


m°xY (A ). # (x; € A) 


BetPm, (xi) = Al 
BOQ y,x;€B AEPrSt\p 
Vx; E Qy (26) 
. m?xy (A 

BetPnyy ((x..94)) = bs rae 

ACOxy 

(xi.yj)EA 
V(xi9;) E Qyy (27) 


where # (x; € A) is the number of x; in the subset A 
and |A| denotes the cardinality of A. 

Definition 23. If myy: 2°XY > [0,1] is a joint BPA 
on Qyy., then the modified normalized plausibility 
transformation is defined for each singleton Z; € Oxy 
and x; € Oy as follows: 


. 1 
PIP y (Xi) = A mx (A ). # (x; E A) 
BCOX,XjEB AEPTSt,p 


Vx; E Ny (28) 
: 1 
PIPa yy ((x,94)) = A ». m®°xy (A ) 
AG xy 
(xi.vj)EA 
V(xi,9;) E yy (29) 


where, A is the normalization factor. 
Corollary 1 In one-dimensional state space, 

1- The modified pignistic probability is reduced to 
the pignistic probability, e., BetPny = 
BetPny. 

2- The normalized plausibility transformation and 
the modified normalized plausibility 
transformation are equal (PIP iy = PIP, ,). 

Proof: In one-dimensional space we have, 

m?x¥(4) =mx(A) = VAS Ay: # (x; € A) = 


1 and PrSt\z =B (30) 
Then, 
x mxy (A). # (x; € A) 
BetPn, (xi) = = 
BCOyXiEB AEGPrStyp 
mx(B ) (31) 
= BI = BetPn, (xi) 
BCOyxjEB 
Vx; Ee Qy 
and, 


2 1 
PIPny (Xi) = A moxy (A). # (x; € A) 
BOQ y,x;€B AEPrSt\p 


1 32 
=5 Dome 2) 
BOO, x {EB 
= PIP y (Xi) Vxi € Qy 


Here, the invariance with respect to marginalization 
of the modified pignistic probability is expressed in the 
following proposition and its proof is given in Appendix 


Proposition 1. Let myy:2°x¥ > [0,1] be a joint 
BPA over Oxy, BetPins, be the joint modified pignistic 
probability and BetPny be the modified pignistic 
probability of marginal my, then we have: 
BetPn, = (BetPn,,)"9% (33) 
Proof: See Appendix A. 
Now, invariance with respect to marginalization of 
PIP Ae is expressed with the following proposition: 


Proposition 2. Let myy:2°x¥ > [0,1] be a joint 
BPA on Qxyy, PIP, be the joint modified normalized 


mxy 
plausibility transformation and Pleas be the modified 
normalized plausibility transformation of marginal mx, 
then we have: 

PIP c= (PIP icy oe (34) 

Proof: See Appendix B. 

To clarify the point, the modified pignistic 
probability and the modified normalized plausibility 
transformation are computed for the BPAs of Example 
2. 

First, the joint probabilities are computed as follows: 


4 a/3 a/3 
be eae Pane ie 1 : A (35) 
a a 
PIP, (X,Y) = PlP yg (XY) = 1 Hee ae 36) 
1+2a 1+2a 


As it can be seen in the Table 5, both the modified 
pignistic probability and the modified normalized 
plausibility transformation are invariant under the 
marginalization process (BetPn, = (Bethy... ; 
Bethy (Bete c) Plage = (Pligg ye Sond 
PIP: = (PiPge 9"). 

Example 8. If m:2°xY > [0,1] is a joint BPA on 
Ay = {x1,X2,xX3} and Qy = {y1,y2}, then we need to 
check the invariance with respect to marginalization 
concept for BetP,, BetP,, PIP, and PIP». 

The joint state space is: OQyy =Ay X Ny = 
{Z11,Z12, 221, Z22,Z31,Z32}. 
M({Z41, 212,221,231, 232}) = 
m({Z31,232}) = “ 
M({Z31,212,2Z21,231}) = (37) 


m({Z2}) =< 
M({Z21,231,Z32}) =1-a Osa<l 
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Table 5 Projection Sets of X and Y, corresponding modified pignistic probabilities and modified normalized plausibility 


transformation. 
20x PrSty) BetPn, PIP a. 2ov Prt) BetPny PIP rng 
x4 {9} 2a/3 2a V1 {0} 2a/3 2a 
1+ 2a 1+ 2a 
Xp {{Z22}} 1 — 2a/3 i Vo {{Z3} 1 — 2a/3 I 
1+2a 1+ 2a 
X4X2 {{Z11,Z12,Z21}} vee ¥1¥2 {{Z11,212,Z21}} + 
First, we compute the joint probabilities as follows: 
70, 45 BetP,,(Y) # BetP,, (X,Y) (41) 
240 240 But x 
BétP,,(X,Y) = BetP,,(x,Y) =|°2 = _ (38) Baie , 
80—23a 80—38a BetPny(X) = Y, BétPn (XY) (42) 
240 240 : eS 
< 7 BetPn,(Y) = > BetP,(X,Y) (43) 
4 4-—2a a x 
PA Ae ao = 7 a (39) and, 
is 4 a PIPmy(X) # 2 PIP AY) (44) 
Then, marginal BPAs of X, BetPn,, BetPny,, PIP, (Y) # Ps PIP ayy (X,Y) (45) 
PIPpy, and PIP», are calculated (Table 6). In the next = 
step, the marginal BPA of Y, B et Pny BetPmyPlP my; but, 
and PlE my are computed (Table 7). Finally, a PIP. X= > Pips (X,Y) (46) 
comparison will be made between the results of Table 6 Y 
and Table 7, suggesting that: . : 
BetPn(X) # >: BetP,, (X,Y) (40) PLP my (Y) = 2 PIP yy (X,Y) (47) 
Y 
Table 6 Marginal X,the Projection Set of X, BetPy,, BetPn,. PIPy,, and PUP 
20x mx(.) | BetPm, | PlPny PrSty) BetPn, | PlPny 
X41 0 2a 2a {Q} 54a 4a 
12 8 240 12 
X2 a 6-a 4-a {{Zoo}} 80+ 7a 4-a 
4 12 8 240 12 
X3 a 6—-a | 4—a {{Zs1Z32}} 160— 61a | 8—3a 
4 12 8 240 12 
X1%2 0 a 9} _ _ 
X4X3 0 — _ {0} — — 
XQX3 1l-a pag {{2Z21,231 2323} = ne3 
X4X 2X3 2a ae are es eon aie ae 
4 {Z11,Z12,Z21,Z31} 
Table 7 Marginal Y, the Projection Set of Y, BetP,,, Beta PIP ys and PIP ny: 
20 my(.) BetPn, | PlPny PrSty) BetPny PIP i 
V4 (0) 4-a 4-a {po} 160 — 49a 8-a 
8 8-4 240 12 
Yo a 4a 4 {{Z22}} 80+49a | 44a 
4 8 8-a 240 12 
V1Y2 = o oa Ton (ee rn FSS 
4 {Z11, 212,221,231}, Zor, 221,232} 
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5 Applications of the Proposed Mappings 

Computing the amount of uncertainty or information 
contained in an event is of crucial importance in many 
applications in decision-making systems. To calculate 
the amount of uncertainty, we need to define a measure. 
Shannon entropy (H(x)) is an uncertainty measure in PT 
proposed by Shannon [24]. The different types of 
uncertainty proposed in various theories have been 
classified by Klir and Yuan in [25]. Dempster-Shafer 
Theory is an extension of the probability theory and the 
set theory, and as such, it is able to represent two types 
of uncertainty, i.e., nonspesifity and discord. Klir 
proposed AU as an aggregated uncertainty measure that 
computes nonspecificity and discord simultaneously [9]. 
He posited that any aggregate uncertainty measure such 
as AU must satisfy five requirements including 
Probability consistency, Set consistency, Range, 
Subadditivity and Additivity. Jousselme et al. proposed 
another aggregated uncertainty measure called AM 
based on the pignistic probability [13]. They proved that 
AM satisfies the five requirements of an aggregate 
uncertainty measure. But, Klir and Lewis showed that 
the proof of AM subadditivity provided by Jousselme et 
al. was wrong [14]. They referred to the dependency of 
the pignistic probability on the marginalization process 
to support their argument. 

Similar to the pignistic probability that is used in 
AM, we can exploit the other DST to PT 
transformations to measure the amounts of ambiguity in 
DST. But the Table 3 indicates that the all mapping are 
dependent to the marginalization process and so the 
corresponding ambiguity measures are not subadditive. 
In Section 4, we proposed BetP,,, and PIP,,, that are 
invariant under the marginalization process and so are 
adequate to use in the ambiguity measure. Therefore the 
ambiguity measures based on BetP,,, and PIP,» will be 
subadditive. 

Now, similar to the entropy measure in PT, we have 
two new aggregate uncertainty measures in DST for 
computing the amounts of ambiguity. The question is 
where can be used these ambiguity measures. We 
attempted to use these measures for computing the 
amounts of dependency between two variables. As we 
know, mutual information (MI) as a tool for measuring 
the dependency between two variables is used in many 
applications in probability theory [26]. Similar to the 
mutual information in probability theory, the mutual 
ambiguity based on BetP,, and PIP,, can be used for 
computing the dependency between two variables in 
DST. 

Shahpari et al. in [27], used the mutual ambiguity 
measure based on BetP,, called MAM, in a threat 
assessment problem constructed by a Dempster-Shafer 
network. In their paper, MAM is used for computing the 
influence of the network input variables to the threat 
value. 


In the similar way, we introduce the ambiguity 
measure and the mutual ambiguity measure based on 
BetP,, and PIP, as follows: 

Definition 24. If m:2°* > [0,1] is a BPA on Qy 
and BetP,, and PIP,, are DST to PT transformations, 
then the corresponding ambiguity measures are given 
by: 


MAM(m) = — >. BetP,, (x). log, (BeiP,,(x)) 


xENx o— 
AMP!’m(m) = 2 PIP,,(x).logy (PIP (x)) (49) 


Definition 25. If myy:2°X¥ > [0,1] is an arbitrary 
joint BPA on Qyy, the associated marginal BPAs are mx 
and my, then mutual ambiguity measures based on 
BetP,, and PIP,,, are given by: 


MAM(X;Y) = MAM(X) + MAM(Y) 
— MAM(X,Y) (50) 


AMP’m(X;Y) = AMP!Pm(X) + AMP!Pm(Y) 
— AMP!’m(X, Y) ot) 


Example 9. Let us consider the issue of the social 
bliss and the factors that affect a person’s happiness. 
Suppose that there are five independent parameters such 
as social acceptability (SA), hope for the future (HF), 
poverty (P), feeling of security (FS), and fulfillment of 
emotional needs (FE). The relationships between these 
factors and the target variable, social bliss (SB), are 
modeled by the expert knowledge expressed by some 
tules. Then according to the implication rule in [28-29], 
each of the rules can be represented by a BPA. 

For example, an expert explains his opinion about 
the effect of social acceptability on the social bliss in the 
following two rules: 1) if the person has a good level of 
acceptability, then with certainty between 0.5 to 0.8 he 
feel happiness; and 2) if the person has no social 
acceptability, then with certainty between 0.3 to 0.6 he 
does not feel happiness. To model these rules, suppose 
that the state space of SA is 2;, = {sa =0,sa = 1} 
and the state space of SB is Asp = {sb = 0,sb = 1}. 
Now, These rules are rewritten as: “(SA=1)>(SB=1) 
with confidence between 0.5 to 0.8.” and 
“(SA=0)>(SB=0) with confidence between 0.3 to 0.6.” 
Then, according to the implication rule in [28] the joint 
BPA is computed as follows: 

The joint state space will be the power set of 
sass = Asa X Asp = {(0,0), (0,1), 1,0), (1,1)} = 
{Zoo, Zo1, Z10, Z11} and we have, 


Msa,sp {Zo0,Z10}) = 0.06 
Msa,sp {Zo1,Z10}) = 0.08 
Msa,sB ({Zo0,Z01, 2103) = 0.06 
Msa,sp({Zoo,Z11}) = 0.15 


(52) 
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Msa sp (Zor Z11}) = 0.2 

Msa,sp {Zo0,Z01,Z11}) = 0.15 
Msa,sB {Zoo,Z10, 2113) = 0.09 
Mase ({Zo1,Z10, 2113) = 0.12 
Msasp{Zoo.Zo1»Z10»2Z11}) = 0.09 


Similar to the above modeling, the state space of HF 
is QOyp = {hf =0,hf = 1} and the expert rules and the 
joint BPAs are given as follows: 

(SA=1)>(SB=1) with confidence between 0.5 to 
0.8. 

(SA=0)>(SB=0) with confidence between 0.3 to 
0.6. 

Mursp {Zoo Z10}) = 0.05 

Mursp({Zo1Z10}) = 0.02 

Myr sp({Zoo.Zo1,Z10}) = 0.03 

Mur sp({Zoo,Z11}) = 0.4 

Myr sp({Zo1Z11}) = 0.16 (53) 
Muyrsp({ZooZo1 2113) = 0.24 

Mur sp {Zoo 2102113) = 0.05 

Mur spZo1,Z10/ 2113) = 0.02 

MuyrspZoo,Zo1 2102113) = 0.03 


For FE with the state space Q-g = {fe = 0, fe = 1} 
we have, 

(FE=1)>(SB=1) with confidence between 0.6 to 
Ura essratets with confidence between 0.2 to 
0.5. 

Mee,sB({Zo0,Z10}) = 0.02 

MresB({Zo1,Z10}) = 0.03 

Mee,sB({Zo0,Z01Z10}) = 0.05 

MresB({Zoo,Z11}) = 0.12 

Meese ({Zo1,Z11}) = 0.18 (54) 
Meese ({Zoo,Zo1 2113) = 0.3 

Mee,sB({Zo0,Z10, 2113) = 0.06 

Mee,sB({Zo1,Z10, 2113) = 0.09 

Meese ({Zo0,Zo1 210 2113) = 0.15 


For FS with the state space 2,5 = {fs = 0, fs = 1}, 
the expert knowledge and the joint BPA are given by: 


Table 8 mutual ambiguity of the paired variables of Example 9. 


(FS=1)>(SB=1) with confidence between 0.2 to 
0.5. 

(FS=0)>(SB=0) with confidence between 0.9 to 
0.98. 
Messe ({Zoo,Z10}) = 0.27 
Mrs sp ({Zo1Z10) = 0.024 
Mers,sp({Zoo, 201 2103) = 0.006 
Messe {Zoo 2113) = 0.18 
Messe ({Zo1 2113) = 0.016 (55) 
Mers,sp({Zoo, Zo1 2113) = 0.004 
Mes sp ({Zoo.Z10.2113) = 0.45 
Messe ({Zo1 2102113) = 0.04 
Merssp({ZooZo1 210 2113) = 0.01 

Finally, for P with the state space Qp= 
{p = 0,p = 1} we have, 

(P=0)>(SB=1) with confidence between 0.6 to 0.8. 

(P=1)>(SB=0) with confidence between 0.7 to 0.9. 
Mp,sp({Zoo,Z10}) = 0.12 
™p,sB ({Zo1,Z10}) = 0.42 
Mp,sp {Zoo 2012103) = 0.06 
™p,sB ({Zo0, 2113) = 0.04 
Mp,sp {Zor Z11}) = 0.14 (56) 
™p,sB ({Zo0,Zo1,Z11}) = 0.02 
™p sp ({Z00,210,2113) = 0.04 
™p,sB ({Zo1,Z10, 2113) = 0.14 
™p.sp ({Z00,Z01, 210.2113) = 0.02 

Now, we want to identify which variables of the 
problem are more influential on the social bliss. To this 
end, MAM(X;Y) and AMP iP m(X;Y) are employed to 
compute the dependency of the paired variables 
(SA,SB), (HF,SB), (FE,SB), (FS,SB), and (P,SB). From 
Table 8 it can be observed that HF has most influence to 
the bliss and SA has minimum effect. 


6 Conclusion 

In this paper, the necessary conditions that were 
suggested by Cobb and Shenoy are studied for nine 
different mappings from DST to PT. The results 
indicate that only the normalized _ plausibility 
transformation can meet four conditions among five and 
the rest of mappings satisfy none of the conditions. 
Another important point is that the condition of 
invariance with respect to the marginalization process 
does not exist for any mappings. In this study, we took a 
closer look at the projection method in DST, finding 


(SA,SB) | (HF,SB) | (FE,SB) | (FS,SB) | (P,SB) 
MAM(X;Y) | 0.0060 | 0.1757 | 0.0255 | 0.1218 | 0.1371 
AMP!’m(xX; ¥) | 0.0044 | 0.1457 | 0.0192 | 0.1210 | 0.1152 
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that some probabilistic information is lost in the 
marginalization process. This problem solved by 
introducing a Projection Set to retain the probabilistic 
information. Then, BetP, and PIP,, which are 
invariant under the marginalization process was 
proposed. Similar to the AM that uses the pignistic 
probability, these modified mappings were utilized in 
two new ambiguity measures called MAM and 
AMP'¥m. MAM and AMP!Pm against AM are 
subadditive because BetP,, and PIP,, are independent 
from the marginalization process. Based on MAM and 
AM?!’m, the concept of mutual ambiguity were defined 
in DST. As an application, the mutual ambiguity 
measures, MAM(X;Y) and AMP?!Pm(X;Y) are 
employed in a social bliss problem to compute the 
dependency of the variables to the person’s happiness. 
According to many applications of the mutual 
information in PT, these mutual measures can be used 
in the future by researchers in various applications. 


Appendix A 

Proof of proposition 1: 

We must prove that a BetPnyy ((x1,9;)) = 
BetP,, (x,).We start from the left of term, 


lY| IY] * 
m°xy (A ) 
by BetPnyy ((x1;)) = ~ a 
j= j=1 ACDxy 
(x1,Yj)EA 
IYI 
Sy mw, 
i [Al 
j=l AGNyy 
(x19) )€A# (1 €A)=1 
m2XY (A 
+ RAS) 
ACO |A| 
CQxy 


(x19; )€4,#(¢1€A)=|¥| 


(Al) 
ly] 
S| oy ae 
: Al 
j=1 ACDxy 
(1,yj) €A,K(1 €A)=1 
\Y| * 
+) 3 m°xY(A) 
= |A| 
jJ=1 AGN xy 
(x19) E401 €A)=|¥| 
- m°xy (A ) 
7 [Al 


BONy,x,EB AEPrStipB 
#(%1EA)=1 


m°xY (A ) 


+2 
|A| 


BOQ y,x1€B AEPrsSt\p 
#(%1EA)=2 


m°xY (A) 


+ |Y| idl 


BCQy,x,€B A€EPrStip 
#(¢1€A)=IY| 


m®°xY (A ). # (x, € A) 
|A| 


BEQy,x1€B AEPrSt\p 


= BetPn,(%1) 


In line 3, for the first term we have, 


ly] 
le ae 
|A| 
j=1 AGN yy 
(x19) )€A# (1 €A)=1 
- mx (A ) 
AGN yy |A| 
(%1,¥1)€AH#(%1 EA)=1 (A2) 
+ m°xY(A ) 
AGN xy |A| 
(xiv yea €A)=1 
= mx’ (A ) 
|A| 


BOQ yx,x1€B AEPrst\p 
#(11€A)=1 


For the second term we have, 


Iv oxy(A) 
bE > > |A| 


AGN yy 
(x19 )€A, #1 €A)=2 
mex" (A ) 
ACA |A| 
SQ xy 
(%1,91)€AH(41€A)=2 (A3) 
7 mexy (A) 
ACN |A| 
COxy 
(xLy|yJEA#(x1 €A)=2 
mex (A) 
= 72 LA dy 
|A| 
BON y,x,€B AEPrStip 


#(%1€A)=2 


This equation is explained with following example: 

If Qy = {x1,x2} and Oy = {y1,y2} are the state 
spaces of X and Y, the joint state space in DST is 2°xY 
and has 24=16 members. For simplicity we use 
another notation as follows: Qyy = Ayx Ny = 
{Z41,Z12,Z21,Z22}. We have two term in the right side 
of above equation as follows (because, |Y| = 2): 
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m°xY (A ) IYI IY| 


2 [Al DPPC) = y: » mx (A ) 


= oe 
(x19 JEAH(%1 €A)=2 jel’ Any. 


mexyY (A ) (A4) (X1,YjJEA 
+ | 
|A| IYI 
AGN yy 1 
(X1,¥2)EA,# (x4 €A)=2 = x). >: m2xY (A) +: 
Then, we must compute the summation of jo AL Oxy 


(xy) )€A #1 €A)=1 


m°xY (A ) in two subsets @ and f such that: 
+ >. m°xY (A ) 


a = {AA © Qyy, (*1,91) € A, # (x, € A) = 2} 


AGO 
= i Zy2h {Za1,Ly2,Z21}, (Zar Zia» a) (AS) (xryJeanered)=|"1 
{Zy1,Z12,Z21,Z22} 
and, 
lv] 
B = {AIA © Oyy, (X14, ¥2) € A, # (x, € A) = 2} me! ete 
= (Gabba tad (aa taadd (re =5/> moxr(A) | + ~ 
= j=l ASQ xy 
{Z11,Z12, Z21,Z22} en eee 
It is clear that, Iv| (B1) 
a= pf ={A|AEPrStp and # (x, € A) +) m®°xY (A) 
=2andBCO,,x,€B} (A7) I AST 
(1.9) )€4,#(¢1 €A)=1Y| 
So, this two terms is equal to, 1 
== Oxy 
mx’ (A) A ME 
2 es BOOy,x,EB AEPrSt B 
|A| (A8) #(%1€A)=1 
BOQy,x,EB AEPrSt\B 1 
#(%1EA)=2 +2 A mPXY (A) +++ 
Similar to before for the third term we have, BONy,x,€B A€PrStp 
#(%1€A)=2 
1 
: sem) viz DY mtarcay 
BCOx,x,EB AE€PrStyp 
j=1 AGN xy [Al : #(%1€A)=|Y| 
Vj EAH (41 €A)=IY| 1 
(x9)eator =5 DY, mxv(A).# Gy € A) 
Z m°XxY (A ) 7 BCOXX1€B AEPrStyp 
AGN xy lA (A9) = PIPny (x1) 
eva GAA) II 2 In line 3, for the first term we have, 
n m'xY (A ) 
AGQ yy lA lv] 
(xiv |v) )€4,#(%1€4)=I¥| y miaxy (A ) 
m°?xY (A) j=1 ASOxy 
=|Y| ~ TA, (x19) )€A# (1 €A)=1 
BCQy,x,€B A€EPrStip 
#(%1EA)=|Y| -_ m2XY (A yes 
So, the modified pignistic probability is invariant ACO xy (B2) 
under the marginalization process. (41 YEA H(C1 EA)=1 
+ >: m2XY (A ) 
Appendix B ACDxy 
Proof of proposition 2: (x1 yy )€A# 1 €A)=1 
Yl pj ))= 
We must prove that Diy Plbes (Guy) z mx (A) 


Pips (x,).We start from left of term, 
BOO y,x1€B AEPrst\p 
#(%1€A)=1 
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For the second term we have 


ly] 
x >» m°x¥ (A) 
j=1 AGN xy 
(x19; )€AH#(%1€A)=2 
= meXY(A) +++ 
AGN xy 
(%1,Y1)EA,#(%1 EA)=2 (B3) 
+ DT mera) 
AGN xy 
(xiv) E41 €A)=2 
BOOy,x,EB AEPrStyp 
#(x1EA)=2 


This equation is explained with the similar example 
given in the appendix A. 

If Qy = {x1,xX2} and Oy = {y1,y2} are the state 
spaces of X and Y, the joint state space in DST is 2° 
and has 2*=16 members. For simplicity we use 
another notation as follows: Qyy =AQAy X Ny = 
{Z11, Z42, Z21, Z22}. We have two term in right side of 
above equation as follows (because, |Y| = 2): 


mexy (A) 
AGN xy 


(%1,Y1)EA #(%1 €A)=2 
(B4) 
AGN xy 
(X1,Y2)EA #(%1 EA)=2 


Then, we must compute the summation of 
m°xY (A ) in two subsets a and £ such that: 


a = {AJA © Qyy, (x1, y,) € A, # (x, € A) = 2} 
= (ree Z12}, {Za Z12,Z21}, Zar Zr2, ne) (B5) 
{Z11,Z12,Z21,Z22} 


And, 


B = {AJA S Qyy, (X12) € A, # (1 € A) = 2} 
= As Z12}, (Zu, Z42, Zoi} {Zit Zy2) sah) (B6) 
(Za, Z12)Z21,Z22} 


It is clear that, 
a=pP={A|AEPrStypand # (x, € A) 
=2and BC 2y,x, € B} (B7) 


So, this two terms is equal to, 


2 m°xY (A ) 


BOQ y,x1EB AEPrsStip 
#(%1€A)=2 


(B8) 


Similar to before we have, 


sf mee 


j=1 AGN yy 
(x19) )€A#@1€4)=I¥| 


= oe mx’ (A) ++ 
ACNyy 
(x71 )€A (1 €A)=IY| (B9) 
+ m°xY(A) 
ACNyy 
(xiy}y E4001 EA)=I¥| 


=| Y mBr(Ay 
BONy,x,E€B A€PrSt\p 
#1 €A)=IY| 
So, the modified normalized plausibility 
transformation is invariant under the marginalization 
process. 
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